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ABSTRACT

The image-source model (ISM) is a widely adopted method
for efficiently simulating acoustic room impulse responses (RIRs)
under specular reflection assumptions. Acoustic paths between
source and receiver are traced to lattice points computed from suc-
cessive reflections over bounding planes of the room. Rectangu-
lar rooms bound the total number of image-sources to be polyno-
mial in the RIR’s duration or distance k equivalent, with degree
equal the number of room dimensions N . Direct ISM simula-
tions are therefore compute upper-bound by O

(
kN

)
, and consider

only cases of N ≤ 3 for tractability and real-world applications.
This work proposes an alternative computational method that low-
ers the asymptotic compute bound to O

(
Nk2 log k

)
for integer

coordinates and room dimensions via reducing ISM lattice point
counting to the classic Gauss circle problem (GCP). We extend
the lattice counting model to frequency-dependent and reflection
weighted image-sources in higher dimensions, relating solutions
between successive dimensions via the convolution operator. Two
constructions for realizing RIRs are presented, along with time-
frequency controls, error and run-time analysis, and RIR statistics.

1. INTRODUCTION

The classic image method [1] for simulating small-room acoustics
is widely regarded as a close approximation of the acoustic wave
equation, and as an efficient ray-tracer for the class of rectangular
shaped rooms [2]. ISM models specular reflected acoustic ray-
paths via vectors between a receiver and a set of image-source co-
ordinates computed from repeated reflections of the source’s coor-
dinates over the room boundary’s orthogonal planes. While multi-
ple sequences of reflections can yield the same image-source coor-
dinate, exactly one valid acoustic path exists between receiver and
source in the direction and with the path distance of the image-
source-receiver vector. The number of acoustic paths with dis-
tances less than k is the number of unique image-source coordi-
nates bounded by a k-radius ball, and therefore is proportional
to the volume O

(
kN

)
of the bounding sphere in N number of

dimensions. This fact is not shared by source-receivers in non-
rectangular enclosures where image-sources are seldom coinci-
dent and represent valid acoustic paths [3], [4]. Thus, ISM’s ef-
ficacy depends on the regularity of rectangular rooms, forming a
so-called lattice in RN that bounds each image-source.

1https://github.com/yluo1/GCP-ISM
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This work proposes an alternative computational method for
ISM, which exploits the lattice topology when summing image-
source contributions for RIR generation, and drastically reduces
computational costs for N ≥ 3 dimensions in specific condi-
tions. We assume image-sources contribute only to the delay, dis-
tance attenuation, and wall-reflection components of the acoustic
response. Incidence angle and distances from receiver to specific
image-sources are lost, which forecloses direct extension of some
works in literature: Acoustic directivity of sources and receivers
remain omni-directional unlike generalizations to microphone and
loudspeaker directivity in [5], [6], [7], and binaural RIRs [8]. Wall-
reflection coefficients may be complex for modeling its acoustic
impedances, but are assumed to be independent of incident angles
unlike [9]. Furthermore, we confine source and receiver coordi-
nates, and room dimension to the integers in ZN , which no longer
suites continuous moving sources and receivers [10].

Our motivations are twofold: First, we observe in the acous-
tic wave equation’s solution that the number of eigenfrequencies
increases with the number of dimensions of a rectangular room
[11]. This induces higher modal densities in ISM’s reverberation
tail, which reduces unwanted coloration. However, conventional
ISM reverberation tails are often omitted due to prohibitive cubic
O
(
k3

)
run-time costs of computing high order reflections. In-

stead, hybrid RIR models [12], [13] use efficient alternatives such
as feedback delay networks [14], [15], [16] to produce dense but
colored reverberation tails when not optimized. High-dimensional
meshes for FDTD room simulations [17] can increase modal den-
sity to reduce coloration but have high computational costs pro-
portional to the product of cells per dimension. Our model’s com-
putational complexity is O

(
Nk2 log k

)
, which improves upon the

O
(
kN

)
costs of direct N -dimensional ISM in [18], and able to

produce both higher-order and denser reflections for larger k and
N . Second, late-reverberation tails in large real-world spaces take
on statistical properties of Gaussian densities, with exponentially
increasing number of reflections [19], [20]. However, ISM’s num-
ber of reflections has polynomial growth, and the RIRs gener-
ated from [21], [2] have reverberation times that differ from well-
established predictions [22] such as those made by Sabine [23] and
Eyring [24]. We therefore report on statistical properties of ISM’s
RIRs such as echo density [25], energy decay curve (EDC), P50
energy percentile, and estimated RT60 with its coefficient of de-
termination (Rsq). Our implementation is available online1, and
paper is organized as follows:

Section 2 relates ISM to the so-called Gauss circle problem
(GCP), which we efficiently generalize for N dimensions via re-
currence relations and express via the convolution operation. Sec-
tion 2.1 extends GCP’s volume function to support lattice point
translation, scaling, and weighting, which models image-source
coordinates and exponentiated wall-reflection coefficients. Section
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2.2 presents two methods for recovering the RIR via differentiat-
ing GCP-ISM’s volume function. Section 2.3 combines GCP-ISM
simulations computed over complex reflection coefficients to re-
cover a RIR. We perform a case-study of echo density profiling,
along with error and run-time performance analysis in section 3.
Section 4 summarizes our findings and concludes the work.

2. IMAGE-SOURCE GAUSS CIRCLE PROBLEM

The reflected room boundaries in ISM are defined by a lattice of
cuboids, and generalized to be N -dimensional orthotopes over a
set of lattice coordinates. Let a lattice coordinate be given by

ν = [ν1, . . . , νN ]T , νn ∈ Z, (1)

where the lattice coordinate origin ν = 0 indexes the orthotope
of size ℓ = [ℓ1, . . . , ℓN ]T ∈ RN containing an omni-directional
sound source at s = [s1, . . . , sN ]T ∈ RN and receiver at r =

[r1, . . . , rN ]T ∈ RN in meters. Specular acoustic paths between
source, boundaries, and receivers are modeled by successive re-
flections or mirroring of the source across the orthotope’s planes.
For brevity, we can express the image-sources’ coordinates as a
function of the lattice coordinates p(ν) = [p1(ν1), . . . , pN (νN )]T

as shown in Fig. 1, where the nth coordinate is given by

pn(νn) = ℓnνn + (−1)νnsn, (2)

and where the acoustic path-length equates to the image-source to
receiver distance d(ν) = ∥p(ν)− r∥2. Therefore, the set of all
lattice coordinates with image-sources within time T (seconds) is
given by Ξ =

{
ν ∈ ZN | ∥d(ν)∥2 ≤ cT

}
, where c is the speed

of sound in meters / second.

Figure 1: Reflecting the source across the orthotope planes gen-
erates the image-sources. Image-sources between k and k + cTs

contribute to the RIR at time k/c with delay and attenuation pro-
portionate to their distances ∥p(ν)− r∥2 from the receiver at r.

The image-source model’s acoustic room transfer function (RTF)
H(ω) at angular frequency ω between source and receiver inte-
grates over all image-sources and is given by

H(ω) =
∑
ν∈Ξ

A(ν)R(ω,ν)e
9jωd(ν)

cTs , A(ν) =
1

d
N91
2 (ν)

,

R(ω,ν) =

N∏
n=1

Γ
|⌊ νn+1

2 ⌋|
+n (ω) Γ

|⌊ 19νn
2 ⌋|

9n (ω), (3)

where Ts is the sampling period (seconds), and ⌊x⌋, ⌈x⌉ are the
floor and ceiling functions respectively. The distance attenuation
term A(ν) normalizes for total energy scattered over the surface
of a N -dimensional sphere. The wall-material transfer functions
Γ+n(ω), Γ9n(ω) model reflections between positive and nega-
tive facing walls in the nth dimension respectively; R(ω,ν) mod-
els the contribution of all wall-reflections for the image-source at
p(ν). Lastly, the complex exponential in the frequency domain
accounts for the acoustic delay. Thus, the direct cost of computing
Eq. (3) containing up to the Kth order reflection is polynomial
O
(
KN

)
, which is prohibitive for computing both the RTF’s re-

verberation tail, and generalizing into higher-dimensional rooms
(N > 3). Fortunately, we can show the integration to be separable
across successive dimensions as follows:

Let us consider integrating image-source contributions over
radial slices of RN consisting of contributions from the lower di-
mensional slice in RN91. To motivate and then illustrate this ap-
proach, we introduce the Gauss circle problem, which counts the
number of integer lattice coordinates within a k-radius ball under

the Euclidean norm ∥ν∥2 =
√∑N

n=1 ν
2
n as shown in Fig. 2.

Source and receiver coordinates are coincident to the origin within
a unit sized orthotope; image-source coordinates are coincident to
integer lattice coordinates. Thus, discretizing GCP’s radius k over
integer multiples of the sampling distance cTs and taking the dif-
ference between consecutive samples yields the number of image-
sources in the sampling interval. Taking weighted finite differ-
ences of GCP w.r.t. k therefore approximates the RIR of Eq. (3).
We formulate the discretized GCP volume function as follows:

Let C(k,N) =
∣∣{ν ∈ ZN

∣∣ ∥ν∥2 ≤ k
}∣∣ be the cardinality

of the set of lattice coordinates, upper bounded by k Euclidean
norm. Squaring and subtracting the N th coordinate νN from both
sides of the inequality yields the equivalent set and size given by

C(k,N) =

∣∣∣∣∣
{
ν ∈ ZN

∣∣∣∣∣
N∑

n=1

ν2
n ≤ k2

}∣∣∣∣∣
=

∞∑
νN=9∞

∣∣∣∣∣
{
ν ∈ ZN91

∣∣∣∣∣
N91∑
n=1

ν2
n ≤ k2 − ν2

N

}∣∣∣∣∣
=

∞∑
νN=9∞

C

(√
k2 − ν2

N , N − 1

)
.

(4)

The set size therefore has a recurrence relation that integrates over
the cardinality of the set of lattice points ν ∈ ZN91 in the lower
preceding dimensions as shown in Fig. 2. Computing GCP’s base-
case (N = 1) and higher dimension cases (N > 1) gives

C(k,N) =


1 + 2 ⌊k⌋ , N = 1

⌊k⌋∑
m=9⌊k⌋

C
(√

k2 −m2, N − 1
)
, N > 1

(5)

by which the summation bounds are tightened.
Observe that for integer distances k, we can memoize sub-

solutions of Eq. (5) by indexing the integer area q ∈ Z≥0 of
the square-root term, and evaluate C

(√
q,N

)
= Ĉ(q,N) over

a look-up-table (LUT) populated by the following area function:

Ĉ(q,N) =


1 + 2

⌊√
q
⌋
, N = 1

⌊√q⌋∑
m=9⌊√q⌋

Ĉ
(
q −m2, N − 1

)
, N > 1

(6)
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Figure 2: The number of lattice points in row ν2 = m within
the k-radius circle equals that of the preceding dimension ν1 of
smaller radius

√
k2 −m2. Efficient memoization indexes the dif-

ferences of squares or area q within the square-root term.

where q = k2, and Ĉ(q,N) requires O
(
Nk2

)
memory and O

(
Nk3

)
compute costs under direct evaluation. We can reduce the compu-
tation costs of the summation in Eq. (6) w.r.t. k for N > 1 by
expressing the recurrence relation in terms of the equivalent geo-
metric convolution operation ĈN = f ∗ ĈN91 given by

Ĉ(q,N) =

k2∑
τ=0

f(τ) Ĉ (q − τ,N − 1) ,

f(τ) =

 1, τ = 0
2, τ ∈

{
n2 |n ∈ N

}
0, Otherwise

,

(7)

where f(τ) is a sparse convolution kernel with non-zero values at
indices that are perfect squares. Using the Fast Fourier transform
(FFT) F with zero-padding to Nk2 elements, and element-wise
product ⊙ operators, the recurrence relation simplifies to multipli-
cation in the frequency domain given as follows:

F
[
ĈN

]
= F [f ]⊙F

[
ĈN91

]
= FN91 [f ]⊙F

[
Ĉ1

]
, (8)

whereby f =
[
f(0), . . . , f(k2)

]
in the frequency domain un-

dergoes element-wise exponentiation, and ĈN is recovered via
inverse FFT. Thus, the computation costs are further reduced to
O
(
Nk2 log k

)
. Sample run-time performances across the meth-

ods in Fig. 3 show that the asymptotic complexity dominates the
costs due to the relative simplicity of the formulations. Next, we
introduce our GCP-ISM extension, which follows an analogous
derivation of Eq. (4) and modifications to Eqs. (6), (7), (8).

2.1. GCP with Image-Source Extensions

Let S(k,N) =
∣∣{ν ∈ ZN

∣∣ ∥p(ν)− r∥2 ≤ k
}∣∣ be the cardinal-

ity of the set of source and image-sources with coordinates p(ν)
within k Euclidean distance units from the receiver coordinate r.
Expanding and rearranging the inequality terms as in Eq. (4), and
substituting pn(νn) in Eq. (2) yields the recurrence relation be-

Figure 3: GCP run-times on Mac M1 Matlab approach asymptotic
growth for small k and N . Run-times are prohibitive for direct grid
Eq. (4) at N = 3, and direct recurrence Eq. (5) at N = 4. LUT
summation Eq. (6) and convolution Eq. (8) are much faster, where
the latter completes in under 1 second for all dimensions N ≤ 12.

tween set sizes across lower preceding dimensions given by

S(k,N) =

∣∣∣∣∣
{
ν ∈ ZN

∣∣∣∣∣
N∑

n=1

(pn(νn)− rn)
2 ≤ k2

}∣∣∣∣∣
=

∞∑
νN=9∞

S

(√
k2 − (pN (νN )− rN )2, N − 1

)
.

(9)

Unlike GCP, the source and receiver coordinates are not coincident
to lattice coordinates when translated away from the origin. More-
over, tight upper and lower bounds of the summation in Eq. (9)
may be asymmetric as successive image-source coordinates reflect
over planes as seen in Fig. 1. Applying the recurrence-relation of
Eq. (5) and GCP area function in Eq. (6) yields the GCP-ISM area
function S

(√
q,N

)
= Ŝ(q,N) for q ∈ R≥0 given by

Ŝ(q,N) =


1 + b(q)− a(q),

N = 1,
b(q) ≥ a(q)

b(q)∑
m=a(q)

Ŝ
(
q − u2(m,N), N − 1

)
,

N > 1,
b(q) ≥ a(q)

0, Otherwise

u(m,N) = ℓNm+ (−1)msN − rN , via Eq. (2) (10)

where we sum over lattice indices m between upper and lower
bounds b(q), a(q) respectively that cover the signed distance u(m,N)
between the image-source and receiver along the N th dimension.
The bounds follow from the constraint |u(m,N)| ≤ √

q that con-
tain the source-receiver distance u(0, N), and satisfies

−√
q ≤ u (a(q), N) ≤ u(m,N) ≤ u (b(q), N) ≤ √

q,

b(q) = ḡ

(
rN +

√
q

ℓN
,
sN
ℓN

)
, Upper bound

a(q) = g

(
rN −√

q

ℓN
,
sN
ℓN

)
, Lower bound

(11)

where the upper and lower extrema functions ḡ(x, y) and g(x, y)
are defined in Appendix Eqs. (23), (24) respectively. Weighting
the image-source summations in Eq. (10) by the reflection coeffi-
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cients in Eq. (3) gives the following GCP-ISM volume function:

S̈(q,N) =

b(q)∑
m=a(q)


1,

N = 1,
b(q) ≥ a(q)

S̈
(
q − u2(m,N), N − 1

)
,

N > 1,
b(q) ≥ a(q)

0, Otherwise

×W (m,N), W (m,N) = Γ
|⌊m+1

2 ⌋|
+N Γ

|⌊ 19m
2 ⌋|

9N , (12)

where Γ+N , Γ9N are complex reflection coefficients. We now
show that the one-dimensional case is analytic, and the higher-
dimensional cases are convolution of lower-dimension solutions.

The base case (N = 1) of Eq. (12) can be computed via
accumulation to yield the sum of geometric series of the parity
and signed components given by

S̈(q, 1) =

1− Γ

⌈∣∣∣ b(q)+1
2

∣∣∣⌉
N +

(
1− Γ

⌈∣∣∣ b(q)2

∣∣∣⌉
N

)
Γ+N

1− ΓN

+

1− Γ

⌈∣∣∣ a(q)91
2

∣∣∣⌉
N +

(
1− Γ

⌈∣∣∣ a(q)
2

∣∣∣⌉
N

)
Γ9N

1− ΓN
− 1,

(13)

where ΓN = Γ+NΓ9N , and ΓN ̸= 1. The high-dimensional cases
(N > 1) can be efficiently memoized for integer input parameters;
distances k, q ∈ Z≥0, orthotope dimensions ℓ ∈ ZN

≥0, source and
receiver coordinates s, r ∈ ZN ensures that q−u2(m,N) ∈ Z≥0

is a non-negative index. This allows Eq. (12) to be expressed in
the geometric convolution form of Eq. (7) given by

S̈(q,N) =

k2∑
τ=0

(
f̄(τ,N) + f(τ,N)

)
S̈ (q − τ,N − 1) ,

f̄(τ,N) =

{
W (m,N), τ = u2(m,N), m ≥ 0

0, Otherwise ,

f(τ,N) =

{
W (m,N), τ = u2(m,N), m < 0

0, Otherwise ,

(14)

where the convolutions can be efficiently computed via FFTs and
inverse FFT following Eq. (8) with zero-padding to Nk2 elements:

F
[
ŜN

]
= F [fN ]⊙F

[
S̈N91

]
, (15)

where fN =
[
f̄(0, N) + f(0, N), . . . , f̄(k2, N) + f(k2, N)

]
.

Thus, computing the LUT S̈(q,N) for integer inputs only requires
O
(
Nk2 log k

)
, which is linear w.r.t. the number of dimensions

N . For comparison, directly computing S̈(q,N) without memo-
ization requires O

(
kN91

)
. Computing direct ISM from Eq. (3) up

to max-order reflections M = k/min {ℓ1, . . . , lN} that fits the
axial reflections along the shortest orthotope dimension within k
meters requires O

(
kN

)
. Next, we give two constructions of GCP-

ISM RIRs from the LUTs via finite-difference operators.

2.2. GCP-ISM Forward and Inverse RIR Constructions

For the forward construction of RIR h(i), we can compute the
ith sample at time Tsi from the finite-difference of the GCP-ISM
volume function in Eq. (12) w.r.t. sample distances ki given by

h(i) =
S̈
(
k2
i+1, N

)
− S̈

(
k2
i , N

)
k

N91
2

i

, ki = cTsi, (16)

where ki is proportional to the sample time and sound speed, and
the denominator component normalizes for spherical scattering
energy. Most sample distances ki are not integers, and the non-
uniform distance resolution of values stored in S̈(q,N) for in-
tegers q is quadratic w.r.t. k; fewer entrants are represented for
smaller k. We therefore expect larger errors when rounding up the
squared distance and evaluating the volume function S̈

(⌈
k2
i

⌉
, N

)
for smaller ki. Fortunately, we observe that GCP-ISM function
S(k,N) in Eq. (9) is invariant to coordinate-scaling; up-scaling
the inputs λk, λℓ, λs, λr by λ ∈ Z>0, yields the equivalent λ-
scaled cardinality functions S(k,N) = S{λ}(λk,N) given by

S{λ}(λk,N) =
∣∣∣{ν ∈ ZN

∣∣ ∥λ (p(ν)− r)∥2 ≤ λk
}∣∣∣ , (17)

and equates their volume functions S̈(q,N) = S̈{λ}(λ2q,N).
Thus, decreasing the unit-distance by a factor of λ increases the
distance resolution of GCP-ISM’s volume LUT by a factor of λ2.

Figure 4: The non-scaled (λ = 1) LUT S̈(q,N) cannot repre-
sent distances below 1. Scaled λ = {2, 3, 4} LUTs represent 2λ

distances for k ≤ 1. LUT values at S̈{λ}(λ2q,N) are equivalent.

The memoization density map in Fig. 4 shows the sample dis-
tances k represented by the integers q for varying λ-scaled LUTs.
The number of distances k represented between ki ≤ k ≤ kj by
λ-scaled LUT follows λ2

(
k2
j − k2

i

)
. Therefore, we obtain higher

resolution at large distances k for λ > 1 at the cost of increasing
the LUT size by a factor of λ2. We also note that direct evaluation
of S̈(k2

i , N) for small distances ki is inexpensive below a nominal
threshold kE . It’s more accurate to construct the RIR from LUTs
at sample distances exceeding kE as follows:

ḧ(i, N) =
1

k
N91
2

i

 S̈{λ}(qi+1, N)− S̈{λ}(qi, N), ki > kE

S̈(k2
i+1, N)− S̈(k2

i , N), ki ≤ kE
(18)

where we sample the LUT at λ-scaled squared distances qi =
λ2

⌈
k2
i

⌉
w.r.t. consecutive ki. This construction is comparable

to realizing the RTF of Eq. (3) for real-valued reflection coeffi-
cients Γ, and without fractional delay supports; complex reflection
coefficients would induce variable group-delay, and sample delays
are rounded up to the nearest integer. The resulting RIR in Fig. 5a
is strictly non-negative, and contains aliasing in the spectrogram.
Other characteristics typical of ISM RIRs are reproduced, such as
flutter reflections, sweep streaks in the spectrogram, and a rising
echo density profile. Next, we support fractional-delays by invert-
ing the sampling direction to map consecutive q to fractional k.
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(a) Forward construction from Eq. (18) with LUT threshold KE = 0 (b) Inverse construction from Eq. (20) with Lanczos kernel size α = 10

Figure 5: The following parameters generate RIRs for forward and inverse GCP-ISM constructions: s = [1, 0, 1], r = [2, 1, 1], ℓ =
[5, 4, 3], Γ+ = [0.93, 0.8, 0.9], Γ9 = [0.72, 0.78, 0.8], λ = 1, and T = 0.3. The echo density profile η(t) in [25] tracks the fraction of
samples that lie outside the standard deviation of a rectangle sliding window (512 samples at 48 kHz sampling rate). η(t) = 1 is Gaussian.

For the inverse construction of RIR h(i) up to max distance
k̄, let us integrate a sinc kernel centered on i over the derivative of
the GCP-ISM volume function in Eq. (12) w.r.t. area q as follows:

h(i) =
1

k
N91
2

i

∫ ⌈k̄2⌉

q=0

d S̈ (q, N)

dq
sinc

(
i−

√
q

cTs

)
dq. (19)

We can approximate the integral by taking the finite-difference of
the memoized and λ-scaled volume function in Eq. (17) w.r.t. q:

ḧ(i, N) =
1

k
N91
2

i

λ2⌈k̄2⌉∑
q=0

(
S̈{λ} (q + 1, N)− S̈{λ} (q, N)

)
× L

(
i−

√
q

cTsλ
, α

)
, Kernel size α ≥ 0 (20)

where L(x, α) is the Lanczos kernel that interpolates the forward-
difference operator when |x| ≤ α, and is otherwise 0. This con-
struction places non-zero supports at the distance intervals con-
taining image-sources as indicated by non-zero finite differences.
Moreover, the density of the distance intervals in k increases for
larger area q, and accommodates for increasing number of image-
sources at further distances. This differs from the the forward con-
struction method, which uniformly samples over k across all dis-
tances. The comparison in Fig. 5b shows the differences, where
the inverse construction is free of aliasing, no-longer strictly non-
negative, and reports higher echo density in the late reverberation
tail that is converging towards the expected Gaussian distribution.

2.3. Time-Frequency Controls

GCP-ISM forward and inverse RIR constructions ḧ(i, N) in Eqs.
(18), (20) support the complex reflection coefficient vectors Γ+(ω),
Γ−(ω) ∈ CN . Computing ḧ(i, N) over each of P uniform
spaced angular frequencies ωm between [0, π) yields the time-

frequency response matrix H ∈ CM×P given by

H(i, ω) = ḧ (i, N |Γ+(ω), Γ−(ω)) , ωm =
2πm

P
,

h(i) =
1

P

P91∑
n=0

P91∑
m=0

H(i− n, ωm)ej
2π
P

mn.
(21)

We can recover the RIR by taking the inverse FFT w.r.t. the rows
of H to yield a time-domain matrix. The latter’s columns are then
summed with sample delay equal to their column indices n− 1 to
give the combined RIR h ∈ RM as expressed in Eq. (21). The
assembly therefore requires O (MP logP ) compute costs.

For specifying Γ(ω), we define T60(ω) to be the time (sec-
onds) for 60 dB attenuation at frequency ω. The magnitude com-
ponents of Γ(ω) that yield 60 dB of attenuation at ω across axial
reflections between walls along the same dimension follows

|Γ(ω)|dB =
−60 ℓ

cT60(ω)
√
ξ
, (22)

where ξ is the expected power of any stochastic phase-inversion
process w.r.t. the sign of each reflection (2 if randomized, 1 oth-
erwise) [6]. The phase-component ∠Γ(ω) depends on the wall-
material’s acoustic impedance, which may induce large group-
delays when added for each reflection; larger P is required to pre-
vent aliasing. Therefore, we recommend Γ(ω) to be in minimum-
phase as shown in Fig. 6 whereby the reflection coefficients atten-
uated only the high-frequencies using a simple one-zero filter.

3. EXPERIMENTS

3.1. High-Dimensional Echo Density Study

In GCP-ISM, we expect the number of image-sources within a k-
radius ball of N dimensional orthotopes to be proportional to the
ball’s volume or kN , and the density on the ball’s surface to be of
kN91. The latter derives the distance intensity attenuation compo-
nent A(v) in Eq. (3) after taking the square root. However, the
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Figure 6: RIR simulations with frequency-dependent reflection
coefficients are assembled via Eq. (21) to yield a single RIR that
reduces the high-frequency decay time as shown in the spectro-
gram. RIRs are generated with parameters from Fig. 5. We mul-
tiply the wall reflection coefficients Γ+, Γ9 by the frequency re-
sponses of a two-tap filter [0.8749, 0.1251] with 0 dB at DC and
−2.5 dB at Nyquist over P = 32 uniform-spaced frequencies.

distribution of image-source intensities on the ball’s surface dif-
fers from that of GCP, due to the asymmetries in the orthotope
size, reflection coefficients, and source-receiver coordinates. The
echo density profile η(t) in [25] is one such useful measure where
η(t) gives the fraction of samples that lie outside one standard de-
viation within the interval centered on t relative to that of a normal
distribution; reverberation tails typically converge to η(t) = 1.

Indeed, earlier simulations in Fig. 5 show RIR tail distribu-
tions approaching Gaussian. However, generating RIRs in higher-
dimension orthotopes (4 ≤ N ≤ 6) via the GCP-ISM inverse con-
struction method of Eq. (20) shows higher echo densities η(t) > 1
in excess of Gaussian within the late reverb distribution’s tail as
seen in Fig. 7. Several factors contribute to the divergence: The
greater surface area of the GCP-ISM k-radius ball for larger di-
mensions N accelerates the build-up and total number of reflec-
tions for increasing k. The reflection coefficients in the simulation
are strictly in-phase and resistive (positive real impedance), result-
ing in the dominance of specific frequency modes in the reverber-
ation tail after 150 ms. Non-resistive acoustic materials can have
negative-real reflection coefficients, which when mixed in simula-
tion, generate reverberation tails with the expected Gaussian echo
density as shown in Fig. 8; visible modes in the spectrogram are
scattered. Note that real-world acoustic impedance of wall mate-
rials are complex due to varying porosity and non-zero reactance
(imaginary components), which we support in our model.

3.2. RIR Generation Performance and Error Analysis

We evaluate the error to run-time trade-off of λ-scaled GCP-ISM
in Eq. (20) when compared to the reference ISM RTF in Eq. (3).
Recall that scaling the parameters of GCP-ISM in Eq. (17) by
λ solves for the equivalent problem with higher density of points
in the volume function S̈{λ}(λ2q,N) as seen in Fig. 4. Let us
construct inverse GCP-ISM RIRs at increasing λ using the first
N dimensions from parameters in Fig. 7. We then increase the
distance-equivalent time parameter to T = 0.5, and double the

RT602 time by raising all reflection coefficients to Γ
1/2
+n , Γ1/2

9n . The
error to run-time trade-offs are shown in Fig. 9 whereby each dou-
bling of λ reduces the error by 12 dB at more than quadruple the
run-time due to O

(
N(kλ)2 log kλ

)
compute costs.

We now consider increasing both the range of RIR lengths to
T ≤ 4 and dimensions N ≤ 6 for evaluating inverse GCP-ISM
RIR generation times. Parameters are taken from Fig. 7 and the re-
flection coefficients are set to achieve broadband T60 ∼ T by set-
ting ξ = 4 in Eq. (22). The run-time performance shown in Fig.
11 tracks with the λ-scaling trade-offs in Fig. 9 as doubling the
former’s RIR length also quadruples the number of points memo-
ized in the volume function. We note that doubling the number of
dimensions did not double the run-times due to costs of the inverse
RIR construction in Eq. (20). The sample RIR of both the longest
T60 = 4 and highest dimension N = 6 is shown in Fig. 11.

4. CONCLUSIONS

We presented a fast computational method for high-dimensional
ISM in integer coordinates ZN that reduces its computational com-
plexity class to O

(
Nk2 log k

)
. Our method extended the clas-

sic 2D lattice counting GCP into higher dimensions by expressing
sub-solutions across dimensions via recurrence relations and fast
geometric convolution. We then extended GCP to ISM, which in-
cluded coordinate translation, scaling, and weighting to model var-
ied source, receiver locations, and room reflections. RIRs were re-
alized via forward and inverse finite difference methods of a GCP-
ISM volume function, which can be made more accurate via coor-
dinate scaling. Later experiments showed the trade-offs between
error-reduction and run-time per doubling of coordinate dimen-
sions. We supported frequency-dependent reflections via complex
reflection coefficients and RIR assembly via the inverse Fourier
transform and time-shifted summation. Experiments showed that
RIR in high-dimensions with only positive-real reflection coeffi-
cients had excessive echo density, which was addressed via the in-
troduction of phase-inverted reflection coefficients. Long duration
and high-dimension RIRs were shown with metrics for posterity.
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(a) Reflection coeffs. −Γ+, −Γ− (b) Reflection coeffs. −Γ+, +Γ− (c) Reflection coeffs. (−1)nΓ+n, (−1)n+1Γ9n

Figure 8: The echo density converges to 1 in RIR simulations with non-resistive acoustic impedances; real reflection coefficients belonging
to all, positive-facing, or alternating facing walls are phase-flipped. RIRs are generated for N = 6 dimensions with parameters in Fig. 7.

Figure 9: Doubling the scaling parameter λ for inverse GCP-ISM
decreases the normalized mean squared error (NMSE) w.r.t. the
reference ISM by 12 dB, and more then quadruples the run-time.

6. APPENDIX

To compute ḡ(x, y) = arg max
m∈Z

m s.t. m + (−1)my ≤ x,

find the maximum even and odd valued m given by

m = 2k ⇒ 2k + y ≤ x ⇒ k ≤ x− y

2
,

m = 2k + 1 ⇒ 2k + 1− y ≤ x ⇒ k ≤ x+ y − 1

2
,

⇒ ḡ(x, y) = max

{
2
⌊x− y

2

⌋
, 2

⌊
x+ y − 1

2

⌋
+ 1

}
.

(23)

To compute g(x, y) = arg min
m∈Z

m s.t. m+(−1)my ≥ x,

find the minimum even and odd valued m given by

m = 2k ⇒ 2k + y ≥ x ⇒ k ≥ x− y

2
,

m = 2k + 1 ⇒ 2k + 1− y ≥ x ⇒ k ≥ x+ y − 1

2
,

⇒ g(x, y) = min

{
2
⌈x− y

2

⌉
, 2

⌈
x+ y − 1

2

⌉
+ 1

}
.

(24)

Figure 10: Doubling the RIR length T more than quadruples the
run-time costs, regardless of dimension N .

Figure 11: The sample RIR in N = 6 dimensions consists of
reflection coefficients Γ+, Γ9 designed for T60 ∼ 4 across all
axial reflections. The mixing time is fast due to the rapid growth
of the echo density in high dimensions; echo density converges
to 1 around the time of the 50th energy percentile. The late-tail
contains half the energy of the RIR, sounds acoustically smooth
without flutters, and presents some time-evolving colorations.
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